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Abstract
An alternative method to account for the Gribov ambiguities in gauge theories is presented.
It is shown that, to eliminate Gribov ambiguities, at infinitesimal level, it is required to
break the BRST symmetry in a soft manner. This can be done by introducing a suitable
extra constraint that eliminates the infinitesimal Gribov copies. It is shown that the present
approach is consistent with the well established known cases in the literature, i.e., the Landau
and maximal Abelian gauges. The method is valid for gauges depending exclusively on the
gauge field and is restricted to classical level. However, occasionally, we deal with quantum
aspects of the technique, which are used to improve the results.
1 Introduction
It was shown in the seminal work by V. N. Gribov [1] that non-Abelian gauge theories have
a residual gauge symmetry that survives the standard Faddeev-Popov gauge fixing procedure
[2]. This means that the gauge fixed path integral still carries redundant configurations con-
tributing to the probabilities of physical processes. This problem is commonly known as Gribov
ambiguities and the spurious configurations are called Gribov copies. Remarkably, the Gribov
problem is only relevant at low energies, being negligible at the ultraviolet sector. Also in [1],
it was argued that, to eliminate these ambiguities at the Landau gauge, one should truncate
the range of integration in the path integral by introducing a suitable nonlocal term associated
with the ghost propagator, see also [3]. In fact, it was shown that infinitesimal Gribov copies
are associated with the zero modes of the Faddeev-Popov operator, or equivalently, to the poles
of the ghost propagator [1, 3]. The respective truncated domain of integration in the functional
space is called the first Gribov region and is achieved by the introduction of a suitable non-local
term associated with the ghost propagator. This region is not entirely free from copies, how-
ever, at least the infinitesimal ones are eliminated. Moreover, all configurations outside the first
Gribov horizon are copies of configurations inside the horizon, see for instance [13]. The result
is that the propagators of the theory are dramatically modified. The gluon propagator acquires
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imaginary poles and is suppressed at the infrared regime. The pole is identified with a mass
parameter called Gribov parameter which is determined by a self-consistent gap equation. The
ghost propagator on the other hand is found to be enhanced with a behavior of ∼ 1/k4, where k
is the momentum. These results are often interpreted as confinement evidence. It is important
to recall that the Gribov ambiguities are inherent to the topology of non-Abelian gauge theories,
and does not depend on the gauge choice [4] in order to infect the perturbative path integral.
Still in [4], it was shown that the main problem lies on the fact that Yang-Mills theories are
formally constructed over an infinite-dimensional nontrivial principal bundle [5, 6, 7, 8, 9, 10]
which implies that no global section can be defined and, thus, no global gauge fixing is possible.
Although present at any gauge choice, the treatment of this problem depends on the gauge
choice, resulting in different effects for each treatable gauge fixing. In fact, until now, only two
renormalizable gauges are known to be manageable within the Gribov ambiguities elimination,
namely, the Landau [1, 3, 11, 12, 13, 14, 15, 16, 17, 18] and the maximal Abelian gauges
[19, 20, 21, 22, 23]. In particular, local and renormalizable actions that take into account
the elimination of a considerable amount of Gribov copies were developed [11, 15, 20]. This
type of actions are commonly known as Gribov-Zwanziger actions. Moreover, extra effects
such as the condensation of local composite operators were also taken into account within the
Gribov-Zwanziger framework [16, 21]. In particular, the so-called refined Gribov-Zwanziger
approach [17, 18], where several condensates are taken into account at the Landau gauge, has
remarkable agreement with lattice numerical simulations [24, 25, 26, 27]. In a refined treatment
the gluon propagator also acquires complex poles, but is finite at zero momentum, while the
ghost propagator maintains his perturbative typical behavior ∼ 1/k2.
In the case of the Landau gauge, the Gribov ambiguities treatment was related to a BRST soft
symmetry breaking [28, 29]. It was shown that the effects of the Gribov ambiguities elimination
can be formally understood as a BRST breaking term which is proportional to a mass parameter
(the Gribov parameter [1]). The presence of the mass in front of a quadratic term on mixed fields
is responsible to affect only the infrared sector. This is a good feature because the ultraviolet
regime is preserved, as it should be.
In this work we develop a new method to eliminate Gribov infinitesimal copies in any gauge
that depends exclusively on the gauge field, i.e., the gauge condition can be written as ∆(A) = 0.
Essentially, the method is to implement an extra constraint that eliminates the zero modes of the
Faddeev-Popov operator, i.e., the constraint ruins the Gribov copies equation. The technique is
based on a homotopy between infinitesimal gauge transformations and BRST transformations
and on the fact that the Faddeev-Popov operator is directly related to the Gribov copies. In
fact, since Gribov copies equation is obtained from the invariance of the gauge fixing under
infinitesimal gauge transformations, and due to the fact that the homotopic relation above
mentioned has the same form for BRST or gauge transformations with respect to the field AAµ ,
the copies equation can be derived from the BRST invariance of the gauge fixing. Since the
copies equation is a zero mode equation, to eliminate the ambiguities we demand that no zero
modes can be allowed. It is also shown that, to eliminate the zero modes, a BRST symmetry
breaking is required. It is then argued that this breaking must be soft in order to preserve
the ultraviolet sector. To do so, we develop a set of relatively simple rules which ensures that
infinitesimal copies are eliminated from the path integral. Although different from the (refined)
Gribov-Zwanziger approach and the BRST soft breaking mechanism, the present method has
some similarities with both methods. In particular, a set of auxiliary fields are introduced and
are recognized as the Gribov-Zwanziger fields. Also, in order to preserve the ultraviolet limit
and renormalizability, BRST soft symmetry breaking arguments are used. Even though a few
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quantum arguments are used, the method remains at classical level and the resulting action is
classical and free of infinitesimal Gribov copies. The final improved action must be determined
by renormalizability arguments within the algebraic renormalization framework [30].
It is worth mention that, in the usual Gribov-Zwanziger approaches, the hermiticity of
the Faddeev-Popov operator is essential to the elimination of Gribov ambiguities. From the
study of its eigenvalues, it is possible to establish a geometrical meaning of the first Gribov
region in the gluon configuration space, see for instance [3]. In the present case, instead of
this geometric appeal, we propose a direct elimination of the ambiguities, by ruining the copies
equation. Therefore, hermiticity does not play a relevant role. This enlarges the applicability of
the method. As a consistence check, we apply the method to the Landau and maximal Abelian
gauges and recover the usual results.
Another interesting feature that the present method implies is that the gap equation that
dynamically fixes the Gribov parameter can be modified. Because of the introduction of the
mass parameter, the general action is allowed to carry extra massive terms. Thus, the refined
term is already present, just like any other term allowed by the Ward identities of the specific
gauge choice (for instance, at the Landau gauge, a massive term AAµA
A
µ could be present). The
difference is that all of these terms are proportional to the Gribov mass parameter, which is
the reason why the gap equation is modified. If we think of the Landau gauge, or the maximal
Abelian gauge, the usual gap equation actually throws the theory right at the first Gribov
horizon. It happens that this is precisely the place where the infinitesimal copies actually live.
As suggested in the refined approach [31] and lattice results [32], a deformation of the horizon
would avoid such apparent inconsistency. This is exactly what the modified gap equation does
here, however, from the very beginning of the construction instead of from dynamical effects.
Finally, we would like to point out that, recently, an interesting alternative method to account
for the Gribov ambiguities has also been developed [33]. In this work, the authors claim that
a renormalizable action free of Landau pole is obtained and the propagators are also mass
dependent. Essentially, instead of eliminating the Gribov ambiguities, it is taken an average
over them with a suitable weight, just as suggested by Gribov at his original work [1]. Another
alternative technique was developed in [34], in Hamiltonian formalism. It is also worth mention
some recent work [35, 36] that also goes in this direction, where the authors argue that a class
of algebraic gauges are free of Gribov copies, leading to a renormalizable action. Essentially,
the reason for these gauges do not develop Gribov copies is that the gauge condition does not
involve a differential operator. In order to deal with Lorentz invariance in algebraic gauges, a
modified formulation of Yang-Mills theory is necessary.
This article is organized as follows: In Sect. 2 we provide a summary of the rules that have
to be followed in order to eliminate the infinitesimal Gribov ambiguities from a gauge theory. In
Sect. 3 we introduce the basic ideas concerning Yang-Mills theories, BRST quantization and the
geometrical aspects of non-Abelian gauge theories. Then, in Sect. 4 we briefly review the Gribov
problem and state three important properties that are crucial for the method. The method itself
is discussed and developed in details in Sect. 5. In Sect. 6 we discuss some quantum aspects
of the model through universal Ward identities and how we can achieve the well-known gap
equation with this approach. This method allows the introduction of terms which generalize the
usual gap equation and this is constructed in Sect. 7. Finally, in Sect. 8 we apply the method
to two well established cases for consistency checks: the Landau and maximal Abelian gauges.
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2 Summary of rules to eliminate infinitesimal Gribov ambigui-
ties
Before we begin with formal discussions, since we will develop a method to eliminate infinitesimal
Gribov copies, let us provide a short set of rules that should be followed in order to construct
an action free of infinitesimal copies. Just to emphasize, the method presented in this work is
applicable only to exclusively A-dependent gauges. The rules are:
1. Choose and fix a gauge ∆A(A) = 0 through the BRST quantization method. Call the
resultant perturbative action by S0.
2. Impose BRST invariance of the gauge condition and use the gauge choice, obtain the copies
equation and find the Gribov operator1 ∇AB.
3. Define a BRST quartet formed by (ω, ω, ϕ, ϕ)IA, where I is a composite index describing
the degeneracy of the Gribov operator.
4. Add to S0 a trivial term
Striv = s
∫
ωIA∇ABϕIB =
∫
[ϕIA∇ABϕIB − ωIA∇ABωIB − ωIA(s∇)ABϕIB ] . (1)
So the equation of motion for ϕ reproduces the copies equation.
5. Add a soft BRST breaking to S0 + Striv of the type
Ξ = γ2g
∫
d4xfABCACµ (ϕ+ ϕ)
AB
µ , (2)
which will be the responsible to ruin the copies equation. The mass parameter γ is the
usual Gribov parameter. The final action given by S0 + Striv + Ξ is free of infinitesimal
Gribov copies.
With this, we have a complete set of rules to deal with infinitesimal Gribov copies, at least
classically. In this work we do not present all details of the quantum aspects and we make just
qualitative considerations. Two very important quantum aspects are: the renormalizability of
the model and the gap equation. So, we can extend our set of rules to the quantum aspects with
1. Restore the BRST symmetry by the introduction of a suitable set of trivial sources (Zwanziger
sources) so the action, which is free of copies, is embedded in a more general BRST invari-
ant theory. With suitable physical values of the sources, the original action is recovered.
2. Generalize all Ward identities and study the renormalizability of the action.
3. Demand that the quantum action has minimal dependence on the mass parameter γ and
obtain the gap equation whose solution fixes this parameter.
1The Gribov operator is the Faddeev-Popov operator with the gauge condition employed.
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3 Yang-Mills theories and BRST symmetry
3.1 Preliminary definitions
We start formulating a generic gauge theory over a d-dimensional Euclidean spacetime Rd where
d ∈ {2, 3, 4}. The gauge group is denoted by G, which is a semi-simple Lie group. The group
elements are defined by U = exp (gζ) where g is the coupling parameter, and the matrix ζ
is an algebra-valued quantity, ζ = ζAΛA. Uppercase Latin indices run as {A,B, . . . ,H} ∈
{1, 2, . . . ,dimG}. The anti-hermitian matrices ΛA are the group generators. The respective
Lie algebra is [ΛA,ΛB ] = fABCΛC , where fABC are the skew-symmetric structure constants.
Moreover, a Killing metric Tr(ΛAΛB) = −δAB/2 is assumed. Besides the structure constants
and the Killing metric, depending on the group, extra group invariant tensors may be necessary.
The fundamental field of a gauge theory is the algebra-valued gauge connection, Aµ = A
A
µΛ
A.
The connection transforms under the action of the gauge group as
Aµ 7−→ U
−1
(
1
g
∂µ +Aµ
)
U . (3)
At infinitesimal level, transformation (3) reduces to
AAµ 7−→ A
A
µ +D
AB
µ ζ
B , (4)
where the covariant derivative is defined as Dµ = δ
AB∂µ − gf
ABCACµ and ζ is the infinitesimal
gauge parameter. From the covariant derivative one can easily compute the curvature, or field
strength, [Dµ,Dν ]
AB = −gfABCFCµν , where,
FAµν = ∂µA
A
ν − ∂νA
A
µ + gf
ABCABµA
C
ν . (5)
Thus, by demanding (i) locality, (ii) power counting renormalizability, (iii) Lorentz and (iv)
gauge invariance and (v) that no parameters other than g are present, the action that is encoun-
tered is the Yang-Mills action,
SYM =
1
4
∫
d4xFAµνF
A
µν . (6)
3.2 Geometrical structure of Yang-Mills theories
The gauge connection and field strength are mathematical structures which are formally orig-
inated on the basis of fibre bundle theory [4, 5, 6, 7, 9]. We define the principal bundle
G(x) ≡ {G,Rd}. The principal bundle G(x) has as typical fibre, and structure group, the
Lie group G while the base space is, in general, the d-dimensional differential manifold Rd, usu-
ally the spacetime. The total space G(x) is a product between the topological spaces G and Rd.
The definition of the principal bundle G(x) is a formal manner to describe the localization of
the Lie group G over Rd, assembling to each point in Rd a different value for the elements of G.
The space G(x) is then the local Lie group G.
The gauge connection rises on the definition of parallel transport in the total space G(x).
In fact, the gauge field components are associated with the connection 1-form A = Aµdx
µ while
the gauge transformations are associated with coordinates changing of the total space with fixed
base space coordinates. In such transformation, which corresponds to a translation along a
5
fixed fiber originated at x ∈ Rd, the connection transforms according to (3). Moreover, to every
1-form connection A, there is a curvature 2-form defined as F = dA+gAA = Fµνdx
µdxν , where
d is the nilpotent exterior derivative.
The gauge connection A is a natural consequence of the existence of the principal bundle
G(x). However, it does not belong to its former definition. The complete description of gauge
theories follows from the product between G(x) and the space of all independent connections Ao
that can be defined on G(x), i.e., those connections that are not related to each other by a gauge
transformation of the type (3). Thus, we define the universal bundle YG ≡ {G(x),A}, where the
fiber and structure group are both the local Lie group G(x), while the base space A is the space
of all independent algebra-valued gauge connections Ao, the so-called moduli space. The total
space YG is then a nontrivial product between G(x) and A. The definition of a gauge orbit is
obtained from (3) by considering a field Ao(x) ∈ A and all of its possible gauge transformations,
A = U−1
(
1
g
d +Ao
)
U , (7)
which is exactly the fiber originated at Ao(x). Thus, the total space YG can be understood as
the union of all gauge orbits and, hence, as the space of all possible gauge configurations that
are originated in G(x).
It turns out that A is not the unique fundamental structure in YG. To see this, one can take
the exterior derivative at the total space YG, namely δ, and restrict it to the direction of a gauge
orbit (7), δ|fibre = s. It follows that [9]
sAAµ = −D
AB
µ c
B , (8)
where s is recognized as the nilpotent BRST operator and c = −U−1sU is the Faddeev-Popov
ghost field, which characterizes the presence of the local group as a dynamical quantity. Its
BRST transformation is easily obtained,
scA =
g
2
fABCcBcC . (9)
The ghost field is recognized as the Maurer-Cartan 1-form in group space while (9) is the
corresponding structure equation. The immediate consequence is the “wrong” statistics of the
ghost field. It is a 0-form in spacetime and thus is a spin-0 field. However, it is a 1-form in group
space (Because the BRST operator is an exterior derivative in group space, it increases by one
the form rank in group space). The form rank in group space is known as the ghost number
and must be a conserved quantity, otherwise a quantum number associated with an abstract
non-physical space would be observed.
3.3 BRST symmetry and gauge fixing
To quantize a theory defined in YG, the introduction of a constraint is required. This constraint
should select only one representative of each equivalence class described by each gauge orbit.
Obviously, this is nothing else than the gauge fixing which enforces the gauge symmetry breaking
so each configuration is taken into account only once at the path integral. The simplest way
to do this is to define a section over YG. On the other hand, the BRST quantization method
consists in study the cohomology of the BRST operator when this constraint is imposed to the
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Yang-Mills action (6). To do so, is convenient to introduce a pair of 0-form algebra-valued fields,
forming a BRST doublet,
scA = ibA
sbA = 0 , (10)
where b is the Lautrup-Nakanishi field playing the role of a Lagrange multiplier and c is rec-
ognized as the Faddeev-Popov anti-ghost field. Ever since b is a Lagrange multiplier it has
vanishing ghost number, which enforces the anti-ghost to have ghost number −1. Thus, the
ghost is now allowed to be part of the dynamics since the anti-ghost can compensate its ghost
number, see Table 1. In fact, to find the most general action depending on A, c, c and b is a
cohomology problem for s modulo d and the extra usual requirements: (i) locality; (ii) Lorentz
invariance and; (iii) power counting renormalizability2. The solution is [30]
S0 = SYM + s
∫
d4x cA∆A + Sext , (11)
where ∆ is a local functional with vanishing ghost number and dimension κ which will define the
gauge fixing constraint. In order to preserve power counting renormalizability it is demanded
that κ ≤ d. The fields b and c, as any BRST doublet, remain at the trivial sector of the
cohomology [30] which enforces c to be at trivial sector as well. The last term in (11) depends
on BRST invariant external fields which are introduced to account for the non-linearity of the
BRST transformations
Sext = s
∫
d4x
(
−ΩAµA
A
µ + L
AcA
)
=
∫
d4x
(
−ΩAµD
AB
µ c
B +
g
2
fABCLAcBcC
)
. (12)
Moreover, for simplicity, we work exclusively in pure connection gauges ∆ = ∆(A), i.e., gauge
fixing terms that contain only the gauge field. For potential gauges, the second term on the rhs
of (11) is the gauge fixing term and reads
Sgf =
∫
d4x(ibA∆A − c
As∆A) =
∫
d4x
(
ibA∆A + c
A δ∆A
δABµ
DBCµ c
C
)
, (13)
and the gauge fixing is formally obtained by
δS0
δbA
= i∆A = 0 , (14)
The external term allows to write the BRST operator in a functional form, which is com-
patible with the quantum action principle:
s =
∫
d4x
(
δS0
δΩAµ
δ
δAAµ
+
δS0
δLA
δ
δcA
+ ibA
δ
δcA
)
, sS0 = 0 (15)
from which we deduce the classical commutation relations, valid for any functional,[
δ
δbA
, s
]
= i
δ
δcA
,{
δ
δcA
, s
}
= 0 . (16)
2Global gauge invariance is also required. However, this symmetry can be broken in certain gauges, for instance,
the maximal Abelian gauge.
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fields A ∆ b c c¯ Ω L g
Dimension 1 κ 4− κ 0 4− κ 3 4 0
Ghost number 0 0 0 1 −1 −1 −2 0
Table 1: Quantum numbers of the fields. The BRST operator has ghost number 1 and is chosen
to be of dimension 0.
The action (11) can now be employed in the definition of a path integral. Obviously, the
renormalizability of the theory must be studied for each fixed gauge [30]. It turns out, however,
that the gauge fixing does not ensure the complete breaking of gauge symmetry [1], a problem
inherent to non-Abelian gauge theories constructed over non-trivial principal bundles YG [4]. In
fact, a residual gauge symmetry survives the gauge fixing process, ruining a complete quantum
description for Yang-Mills theories, as briefly discussed at Sect. 1. We shall discuss in the next
sections how we can control Gribov ambiguities, at least to a certain level.
4 Gribov ambiguities
The gauge fixing (14) is actually the case of the well-known gauges where Gribov ambiguity can
be relatively handled, such as the Landau [1, 3, 11, 18] and the maximal Abelian [19, 20, 21, 22,
23] gauges. Other gauges are also in this class, such as the physical gauges. A typical example
of these gauges is the Coulomb [37], where Gribov ambiguities can be partially treated yet the
renormalizability of these gauges remain unproved.
Gribov ambiguities arise when we consider two gauge configurations, Aµ and A
′
µ, both be-
longing to the same equivalence class, i.e., they are related through a gauge transformation
(3). Thus, demanding that both configurations obey the same gauge fixing, one finds the usual
Gribov copies equation [1],
∆A(Aµ + U
−1DµU) = 0 . (17)
For each independent configuration A, the solutions of (17) for U determine all possible re-
dundant gauge configurations. Thus, there is still a residual gauge symmetry after gauge fixing.
Interestingly, the residual gauge symmetry is a subgroup (the residual group) of the gauge group
and the proof is a simple exercise in group theory.
At infinitesimal level equation (17) reduces to
∇ABζ
B = 0 , (18)
where
∇AB =
∂∆A(A)
∂ACµ
DCBµ , (19)
Equation (18) is the infinitesimal Gribov copies equation. The infinitesimal Gribov equation
can also be derived from the requirement of gauge invariance of the gauge condition,
δg∆
A = ∇ABζ
B = 0 , (20)
4.1 Three important properties
We now provide some useful statements concerning the infinitesimal Gribov ambiguities and its
relation to BRST transformations.
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Statement 4.1. BRST and infinitesimal gauge transformations are homotopic.
Proof. The BRST operator is the exterior derivative in YG along a typical fibre (7), δ|fibre = s,
thus it measures how a quantity varies along the fibre. Notwithstanding, to move along the fibre
is the same as to perform a gauge transformation, since each fibre is a gauge orbit. Thus, it should
be possible to identify the BRST transformations with infinitesimal gauge transformations. This
can be done through a homotopy relation between both transformations.
In YG, let us denote the topological space generated by a gauge orbit at a point x ∈ R
d
by Yx. Then, infinitesimal gauge transformations in Yx are maps δx : Yx 7−→ Yx. Moreover, δx
affects all other algebra-valued fields defined in Yx. Thus, a point in Yx can regarded as a quartet
Φ = (A, c, c, b) and a gauge transformation maps this point into another point Φ′ = (A, c, c, b)′,
while maintaining x fixed. The map δx acts at a point Φ as δx : Φ 7−→ Φ+ δgΦ, where δg is the
generator of the infinitesimal gauge transformation. Explicitly,
AAµ 7−→ A
A
µ +D
AB
µ ζ
B ,
cA 7−→ cA + gfABCζBcC ,
cA 7−→ cA + gfABCζBcC ,
bA 7−→ bA + gfABCζBbC , (21)
where ζ is an infinitesimal gauge parameter. On the other hand, BRST transformations, at the
same point x, are maps sx : Yx 7−→ Yx. Thus, sx : Φ 7−→ Φ + ǫsΦ, where s is the usual BRST
operator and ǫ is a global Grassmann parameter. Explicitly, the action of sx at a point Φ is
given by
AAµ 7−→ A
A
µ − ǫD
AB
µ c
B ,
cA 7−→ cA +
g
2
ǫfABCcBcC ,
cA 7−→ cA + ǫibA ,
bA 7−→ bA , (22)
Defining the quantity αAt = tζ
A − (1− t)ǫcA, where t ∈ [0, 1], we have
δt = D
AB
µ α
B
t
δ
δAAµ
+
[
t−
g
2
(1− t)
]
fABCαBt c
C δ
δcA
+
[
gtfABCζBcC + (1− t)ǫibA
] δ
δcA
+
+ gtfABCζBbC
δ
δbA
. (23)
Then, the map f(t) : Yx × [0, 1] 7−→ Yx, such that Φ 7−→ Φ + δtΦ, satisfies δ0 = ǫs and
δ1 = δg. Moreover, since f is obviously continuous, the operator δt continuously deforms gauge
transformations in BRST transformations and vice-versa. The proof extends to the entire space
YG. Consequently, BRST and infinitesimal gauge transformations are homotopic.
It is important to keep in mind that the homotopy between BRST and infinitesimal gauge
transformations has a deep geometrical meaning. In fact, in what concerns the gauge and
ghost fields, this homotopy means that when we perform a BRST transformation, we are also
performing a translation along a gauge orbit. With respect to the BRST doublet (cA, bA), the
homotopy does not exactly describes a formal equivalence between a gauge transformation and a
BRST transformation, only that one can be continuously deformed into another. The hypothesis
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of a gauge fixing that depends exclusively on A plays a fundamental role here. If this was not
the choice, we would have to deal with fields that do not have the same formal BRST/gauge
transformations. The homotopy explained inhere may be a suggestion for a generalization of
this for gauges with other fields dependence than AAµ . However, we leave this generalization to
future investigation.
An obvious consequence of this result is that, since it is valid for all infinitesimal gauge
transformations, it is valid also for the residual infinitesimal gauge transformations of Gribov
ambiguities. Thus, a direct consequence of the homotopy is that, if we want to eliminate the
residual gauge symmetry, we have to break the BRST symmetry (see statement 4.3).
Statement 4.2. The operator ∇AB coincides with the Faddeev-Popov operator arising from the
very same gauge fixing.
Proof. This is evident from the comparison of (18), (19) and (13). Equation (18) was obtained
from the gauge invariance of the gauge fixing and, since δg and s are homotopic (statement 4.1)
and also that the action of δg and s are formally the same in exclusively A-dependent quantities,
we should also obtain (18) from the requirement that the gauge fixing (14) is BRST invariant.
To show this, we compute s∆A and employ the first of (16) and the first equality in (14),
−
δS0
δcA
= s∆A . (24)
Thus, imposing BRST invariance of the gauge fixing, we obtain
∇ABcB = 0 , (25)
as we wanted to show.
This small, and almost trivial, statement implies that the infinitesimal Gribov copies equation
follows from the BRST variation of the gauge fixing, in accordance with (18). We also remark
that expression (25) is an off-shell relation obtained from the imposition of BRST invariance, we
have not imposed ∆A = 0. However, since Gribov copies concern configurations that obey the
gauge fixing, it is natural to impose ∆A = 0. As so, from now on, we will call the operator ∇AB
as Faddeev-Popov operator when we do not impose the gauge condition while when imposing it
we will call it Gribov operator. In practice this difference should not matter because the gauge
fixed path integral is supposed to take into account only configurations that obey the gauge
condition.
Statement 4.3. BRST symmetry breaking
Proof. The third property follows immediately from the second property 4.2: the absence of
Faddeev-Popov zero modes requires the breaking of BRST symmetry : This is evident from
Eq. (25) (or (18)), which expresses that infinitesimal Gribov copies occur when the Faddeev-
Popov operator acquire zero modes. This property can be obtained from the gauge invariance of
the gauge fixing or, equivalently, from BRST invariance of the gauge fixing. Thus to eliminate
the residual gauge freedom, BRST symmetry must be broken.
As will be discussed in the next sections, this breaking will be a soft breaking. This property
will ensure the safeness of the ultraviolet sector of Yang-Mills theories.
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5 Soft BRST symmetry breaking
The homotopy between BRST and infinitesimal gauge transformations (statement 4.1) allowed
an identification between the infinitesimal Gribov copies and the BRST invariance of the model
(statement 4.2). These two features allowed the conclusion that a BRST symmetry breaking is
required to get rid of infinitesimal Gribov ambiguities (statement 4.3). We now employ these
three properties in order to eliminate the infinitesimal Gribov copies.
The BRST breaking that has to be introduced is not arbitrary, it must ensure that the
Faddeev-Popov operator does not produce zero modes. The method we adopt to do this is to
consider a second constraint, i.e., a kind of extra gauge fixing. It is an important requirement
that this extra term drops out at the UV regime, otherwise it could affect the well established
sector of QCD, i.e., the perturbative Yang-Mills action (11) must be recovered at the UV sector.
This requirement means that, at the high energy regime, the BRST symmetry must be restored
[28, 29]. This is also clear from the analysis of the poles of the ghost propagator, originaly
discussed by Gribov himself [1] (Se also [3, 16]).
A method that can be employed that ensures the ultraviolet sector is not affected is the soft
BRST breaking technique [28, 29]. The method presented in this section is quite similar to that
of the soft BRST symmetry breaking [28, 29]. The difference lies on the fact that, in [28, 29], the
motivation is based on the Gribov-Zwanziger action and the fitting of the propagators with the
lattice data. Here, the motivation is to eliminate directly infinitesimal Gribov ambiguities in an
almost3 gauge fixing independent way. Moreover, the technique here developed is applied at the
classical level. Thus, we can opt for a minimal change with respect to the original perturbative
action (11). As it will become evident, this requirement is enough to reproduce the Gribov-
Zwanziger BRST breaking term. On the other hand, if we require a more generalized soft term,
one can achieve an improved action and a generalized gap equation will emerge (See Sect.6.2).
As mentioned, the idea is relatively simple. We only have to introduce an extra constraint
at the Yang-Mills perturbative action (11) in such a way that:
Requirement 5.1. The Faddeev-Popov operator does not develop zero modes;
Requirement 5.2. BRST symmetry is broken;
Requirement 5.3. The ultraviolet sector is not affected; so the BRST breaking is a soft break-
ing.
5.1 Trivial auxiliary fields
The first step is to mimic the Gribov copies equation (20), which is nothing but a zero mode
equation for the Faddeev-Popov operator, with the help of extra auxiliary fields. It could be
easier perhaps to use the ghost field equation itself and then break the BRST symmetry by
the introduction of suitable terms. However, we do not want to mess with the already well
established ultraviolet sector, where the Faddeev-Popov fields play an important role on the
cancelation of non-physical terms. Thus, a modification at the Faddeev-Popov sector would
possibly spoil Requirement 5.3 as well as some of the sacred symmetries of the starting action,
such as the Faddeev-Popov discrete symmetry.
3Although the method here developed can be applied to a class of gauges, the final result always depend on
the original gauge constraint.
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The set of auxiliary fields is introduced as follows: From the fact that the infinitesimal Gri-
bov copies equation carries ddimG degrees of degeneracy4 [14] one should introduce a Lagrange
multiplier with ddimG independent degrees of freedom. This field must then carry an inde-
pendent composite index I ≡ (µ,B) describing this degeneracy and an extra group index. The
extra group index allows the coupling with the Faddeev-Popov operator. The composite index
runs then as I, J... ∈ {1, 2, . . . , ddimG}. We denote this field by ϕABµ . Defining also its BRST
doublet counterpart5, we can write
sωABµ = ϕ
AB
µ ,
sϕABµ = 0 , (26)
where ωABµ plays the role of the anti-ghost while ϕ
AB
µ is the Lautrup-Nakanishi analogue. Thus,
choosing ωABµ to mimic the ghost field in (25) and ϕ
AB
µ to be its BRST doublet pair,
sϕABµ = ω
AB
µ ,
sωABµ = 0 , (27)
we have a BRST quartet system that, for now, should not affect the non-trivial cohomology of
Yang-Mills theories [28, 29, 30]. We remark that the introduction of the second doublet pair
(27) is unavoidable to maintain the Faddeev-Popov discrete symmetry. Thus, a trivial term can
be introduced,
S0 7−→ SG = S0 + Striv , (28)
where
Striv = s
∫
d4x ωACµ ∇
ABϕBCµ
=
∫
d4x
[
ϕACµ ∇
ABϕBCµ − ω
AC
µ ∇
ABωBCµ + ω
AC
µ
(
DDEν c
E
) δ∇AB
δADν
ϕBCµ
]
. (29)
From the transformations (26) and (27) it is not difficult to infer the quantum number of the
extra fields, see Table 2. This term is trivial not only because it lies on the trivial cohomology,
but also because it can be eliminated from the path integral after the change of variables [14],
ωABµ −→ ω
AB
µ −
(
∇−1
)AC
(sADν )
δ∇CE
δADν
ϕEBµ , (30)
and the fact that∫
[ϕϕωω] exp
{
−
∫
d4x
(
ϕACµ ∇
ABϕBCµ − ω
AC
µ ∇
ABωBCµ
)}
= 1 , (31)
It is important to understand that, in expression (29), the operator∇ was introduced on purpose,
in such a way that the field equation for ϕ mimics the infinitesimal Gribov copies equation (20).
It also characterizes the zero modes of the Faddeev-Popov operator in an independent sector
with respect to the perturbative action. This is an important property because the ghost sector
cannot be directly affected since we do not want to change the ultraviolet sector (requirement
5.3).
4We call attention to the fact that we are considering the general case where the gauge fixing is the same for
all sector of the gauge group algebra. It turns out that, the generalization to gauges where different sectors of
the algebra have different gauge constraints is not difficult. The example of the maximal Abelian gauge will be
discussed at Sect.8.2.
5Since we are running out of geometrical fields which naturally arise in YG, the only way to introduce extra
fields with no reflection at the UV sector is to consider BRST doublets.
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fields ϕ ϕ ω ω
Dimension (4− κ)/2 (4− κ)/2 (4− κ)/2 (4− κ)/2
Ghost number 0 0 −1 1
QddimG charge −1 1 −1 1
Table 2: Quantum numbers of the auxiliary fields. The ordinary Yang-Mills fields carry vanishing
QddimG charge.
The action SG displays extra symmetries that are very useful for the renormalizability prob-
lem. In fact, an extra quantum charge (see Table 2) can be defined from
QIJSG = 0 ,
QIJ =
∫
d4x
(
ϕAI
δ
δϕAJ
+ ωAI
δ
δωAJ
− ϕAJ
δ
δϕAI
− ωAJ
δ
δωAI
)
, (32)
where the trace QII characterizes a U(ddimG) symmetry that defines the QddimG charge. With
this simplification in mind we can also define a rigid supersymmetry
RIJSG = 0 ,
RIJ =
∫
d4x
(
ϕAI
δ
δωAJ
− ωAJ
δ
δϕAI
)
, (33)
and a symmetry that relates the auxiliary fields and the Faddeev-Popov ghosts
TISG = 0 ,
TI =
∫
d4x
(
cA
δ
δωAI
+ ωAI
δ
δcA
)
. (34)
In a sense, symmetry (34), together with the Faddeev-Popov discrete symmetry, establishes an
equivalence between the Faddeev-Popov ghosts and the auxiliary fields. This is a very welcome
feature because the auxiliary fields must mimic the Faddeev-Popov ghost fields.
5.2 The breaking term
The next step is to include the breaking term in order to enforce that ∇ABϕBC 6= 0. It is
immediate that the constraint term must be of the general form
SGZ = Striv + Ξ , (35)
where Ξ is a real integrated local term, so the action can generate, at least classically, the no
zero mode condition through
δ(S0 + SGZ)
δϕACµ
= ∇ABϕBCµ +
δΞ
δϕACµ
= 0 . (36)
To encounter the explicit form of Ξ we demand it to obey as many symmetries of the perturbative
action (11) as possible except, obviously, the BRST symmetry, which is demanded to be violated.
Moreover, it can contain many terms. However, to break the BRST symmetry, one term is
enough and we opt for a minimal change with respect to the perturbative action. We determine
this term as follows:
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Requirement 5.4. Ξ must have a term which depends on ϕABµ .
. Obviously, without this requirement, Ξ would be invisible to the operator δ/δϕABµ .
Requirement 5.5. The quantity δΞ/δϕ must have, among all possible terms, one term that
depends exclusively on A.
. If this requirement is not respected, any other field appearing in this term would generate
copies at their trivial vacua. Thus, in a term depending exclusively on AAµ , the zero modes
of the Gribov operator appear only at A = 0. Nevertheless, if the trivial vacuum develops
infinitesimal copies, they are necessarily different from zero and, thus, these copies will have
AAµ = 0 as a copy. The consequence is that, for any vacuum copy that appears in (36), A
A
µ = 0
will be eliminated. Thus, to Ξ be able to produce a term depending only on AAµ , it is necessary
that Ξ is linear in ϕABµ .
Requirement 5.6. The term Ξ must be quadratic in the fields.
. With this requirement, all renormalizable field equations (characterized by Ward identities)
are automatically satisfied because the possible violating terms are linear in the fields [30]. Then,
since Ξ must be linear in ϕABµ (Requirement 5.5), it must also be linear in A
A
µ .
Thus, from these three requirements and demanding minimal modification of the action SG,
it follows that, due to the degrees of freedom of the fields and their dimensions, the only way
to construct Ξ is to introduce a mass parameter6. This is exactly the Requirement 5.3 being
realised without imposing it. It follows that, the only term fulfilling these requirements is
Ξ =
∫
d4xγ2DABµ (ϕ+ ϕ)
AB
µ +
∫
d4xεγz , (37)
where γ is the mass parameter with dimension given by (see Table 2)
[γ] =
2 + κ
4
, (38)
which is positive-definite for any value of κ. The pure constant term γz is also allowed by power
counting if, and only if,
z =
16
(2 + κ)
, (39)
is an integer7. And the combination (ϕ+ ϕ)ABµ is introduced because we demand the action to
be real.
6Perhaps, a higher derivative term could be considered. We, however, opt to avoid the intricacies of dealing
with such terms.
7By a simple algebraic analysis of (39), it is easy to find that this type of term would be present if, and only
if, κ = 2 ⇒ n = 2, z = 4. At this restricted class of gauges resides the Landau gauge and the maximal Abelian
gauge. However, that would exclude non-local gauges (that could be localizable by a suitable set of auxiliary
fields) or other gauges such as, for instance, ∂2∂µAµ = 0. In this example, these terms would be absent and the
correspondent effects would probably appear from the higher derivative intricacies.
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For completeness, we write the full action, composed by the Yang-Mills, gauge fixing, the
extra constraint and external sources terms:
S =
1
4
∫
d4xFAµνF
A
µν +
∫
d4x
(
ibA∆A + c
A δ∆A
δABµ
DBCµ c
C
)
+
+
∫
d4x
[
ϕACµ ∇
ABϕBCµ − ω
AC
µ ∇
ABωBCµ + ω
AC
µ
(
DDEν c
E
) δ∇AB
δADν
ϕBCµ
]
+
+
∫
d4xγ2DABµ (ϕ+ ϕ)
AB
µ +
∫
d4xεγz +
∫
d4x
(
−ΩAµD
AB
µ c
B +
g
2
fABCLAcBcC
)
.
(40)
and the respective ϕABµ equation reads,
∇ABϕBCµ = gγ
2fABCABµ , (41)
which directly ensures the no zero mode condition for the entire connection functional space.
The presence of the mass parameter is very welcome because it induces a soft BRST sym-
metry breaking [28, 29]. In fact, the BRST variation of (40) reads
sS = γ2
∫
d4x
[
−gfABC(ϕ+ ϕ)ABµ D
CD
µ c
D + gfABCACµω
AB
µ
]
, (42)
which expresses the breaking of the BRST symmetry. The fact that it is a soft breaking arises
from the fact that the parameter γ always carries non-vanishing mass dimension. This property
enforces the breaking to carry a smaller dimension than the spacetime dimension. This is clear
from Table 2. The fact that the breaking is soft is of great importance to preserve standard
Yang-Mills theories at the ultraviolet regime, which means that it will affect only the low energy
sector of the model. It is evident then that, in the limit γ → 0, the usual perturbative action is
recovered by means of (31). Moreover, in this limit the BRST symmetry is also recovered. It is
worth to mention that the symmetries (32) and (33) are no longer valid while (34) remain being
obeyed. Furthermore, the fact that (34) is still valid is very important because it means that
the symmetry between the auxiliary fields and the Faddeev-Popov ghosts is maintained. Thus,
the soft breaking term ensures the absence of Faddeev-Popov zero modes. On the other hand,
the BRST breaking also implies on the breaking of the U(ddimG) and the rigid supersymmetry
between the auxiliary fields. Another important remark is that the consistent introduction of
the no zero mode condition and the break of the BRST symmetry enforces the introduction of
a mass parameter. The BRST breaking term is proportional to this term. So, requirement 5.3
is, actually, redundant.
It is crucial to see that, in the soft BRST breaking method [28, 29], the breaking is introduced
by a quadratic combination of A and the auxiliary fields so the propagators are modified in
a soft manner. This requirement ensures renormalizability and that the ultraviolet sector is
not changed, at least at the Landau gauge. Inhere, we have obtained the same type of term
by requiring the elimination of Gribov infinitesimal copies through BRST breaking and this
requirement naturally led to the soft BRST symmetry breaking.
5.3 Intermission 1
It has to be clear that ∇, as an independent operator, will always have zero modes, but the
related infinitesimal copies should not contribute to the path integral nor to the solutions of
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the classical field equations. When we say that the zero modes are avoided, it means that we
are eliminating the copies, because these copies are responsible for the appearance of the zero
modes. Moreover, the fact that the copies are eliminated solely based on ϕ field equation comes
from the fact that we are adding an extra constraint to the action. Interpreting the field ϕ as
a second Lagrange multiplier, the resulting equation expresses the fact that the Faddeev-Popov
operator “has no zero modes”. This equation is actually the extra constraint. Again, we remark
that, when AAµ = 0, zero modes do appear. However, the null gauge configuration, if it has
infinitesimal copies, is a copy of another non-vanishing configuration. Thus AAµ = 0 will be
eliminated in favour of one of its copies. Another configuration that can generate ambiguity is
ϕ = 0. In this case, the constraint solution is, again, the trivial vacuum AAµ = 0, which, from
the previous analysis, is harmless.
Let us analyse the classical field equations a bit more. We have, essentially, Yang-Mills theory
with two constraints. Let us assume that the gauge fixing is satisfied, ∆ = 0. Then, we have
two equations involving the Faddeev-Popov operator to be analyzed, the ghost field equation
∇ABcB = 0 and the second constraint ∇ACϕCB = γ2gfABCACµ . Moreover, it is important to
keep in mind that the Faddeev-Popov operator depends on the gauge field. Let us suppose, as
first situation, that the second constraint is satisfied for a given non-vanishing ϕ. Then, if ∇ 6= 0,
then A 6= 0. And because the solution of this equation fixes a specific A for which ∇ 6= 0, the
equation for c leads to c = 0. In contrast, as a second situation, we assume the ghost equation
to be satisfied for c 6= 0. Hence, ∇ = 0 and the second constraint is satisfied if, and only if,
A = 0. Thus, due to the second constraint, every time that a zero mode appears, the system is
thrown to the trivial vacuum configuration A = 0.
The second situation can be interpreted as the perturbative sector of the theory because we
are around the perturbative vacuum A = 0. At this sector, ∇ ≈ 0 and the ghost field seems to
be relevant. In fact, it is widely known that the ghost field is very important on the cancelation
of non-physical configurations at the perturbative expansion. Under that situation, since the
second constraint becomes a trivial identity (0 = 0), it is equivalent to state that γ2 = 0, making
the auxiliary fields actually decouple and recover the perturbative action S0. If we assume that
the Faddeev-Popov operator can be written as ∇ ≈ −∂2 + 0(A) ≡ p2 and if we associate the
perturbative region with the high energy sector, then, we conclude that this is a sector where
the ghosts must be massless.
On the other hand, at the first situation, there are no zero modes allowed ∇ 6= 0, which
induces c = 0. At this region, A 6= 0. It seems then that the ghost field attain an almost
irrelevant role, an evidence that the perturbative expansion does not make sense anymore. As
opposed to the second situation, this case can be associated with the non-perturbative sector
because both constraints are satisfied for non-trivial configurations.
We have two distinct situations: The ultraviolet region where S0 dominates, the gauge field
is around its perturbative vacuum A = 0 and the zero modes only appear as massless ghosts; and
the infrared region where there are no zero modes but the theory is far from the perturbative
vacuum and both constraints are simultaneously satisfied for non-trivial configurations.
6 Beyond the classical level
For now, we have just employed a general method to get rid of infinitesimal Gribov ambiguities
at classical level. The action (40) is infinitesimal Gribov copies free and ready for quantization.
16
fields ∆ b c¯ ϕ, ϕ, ω, ω γ
Dimension 2 2 2 1 1
Table 3: Dimensions of κ-dependent fields.
Thus, the next step is to check its renormalizability. Although the study of renormalizability
would require the specification of the gauge fixing, we can infer some universal properties of
the quantum version of (40). In what follows, for simplicity, we restrict the model for Landau
dimension gauges κ = 2, which allows the presence of the term γz with z = 4 and avoids a
really cumbersome dimensional analysis. The correspondent adjustments on the dimensions are
displayed in Table 3.
The main problem in studying the renormalizability of this action is the BRST breaking,
which is non-linear. This means that it contaminates a perturbative expansion of the Ward
identities. To deal with renormalizability there are two main methods that can be employed:
i.) With the introduction of extra sources that control the BRST symmetry breaking and that,
at the end, acquire certain physical values and ii.) by rewriting the Gribov-Zwanziger term in
terms of a set of extra auxiliary fields that turn the BRST symmetry breaking into a linear
term which remain at classical level [38]. Both methods have been proven to be efficient in the
Landau gauge. However, for the present purposes, the first method is sufficient.
6.1 Universal Ward identities
First of all, let us write the Slavnov-Taylor operator,
S(S) =
∫
d4x
(
δS
δΩAµ
δS
δAAµ
+
δS
δLA
δS
δcA
+ bA
δS
δcA
+ ϕABµ
δS
δωABµ
+ ωABµ
δS
δϕABµ
)
, (43)
which, of course, does not represent a symmetry of the action (40),
S(S) =
∫
d4x
(
δSbrst
δΩAµ
δΞ
δAAµ
+
δSbrst
δLA
δΞ
δcA
+ bA
δΞ
δcA
+ ϕABµ
δΞ
δωABµ
+ ωABµ
δΞ
δϕABµ
)
6= 0 . (44)
This breaking is not linear on the fields as it can be seen from expression (37). To control
this breaking we follow [14] by introducing a set of external sources which does not affect the
cohomology of the model (See Table 4 for the respective quantum numbers)
sUAIµ = M
AI
µ ,
sMAIµ = 0 ,
sV AIµ = N
AI
µ ,
sNAIµ = 0 . (45)
Thus, we can replace the breaking term by
Ξ 7−→ Ξbrst , (46)
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Source UAIµ M
AI
µ N
AI
µ V
AI
µ K J
dimension 2 2 2 2 2 2
ghostnumber −1 0 1 0 −1 0
Qf -charge −1 −1 1 1 0 0
Table 4: Quantum numbers of the auxiliary sources.
where
Ξbrst = s
∫
ddx
[
−UAIµ (DµϕI)
A + V AIµ (DµωI)
A + θUAIµ V
AI
µ
]
=
∫
d4x
[
−MAIµ (DµϕI)
A − gUAIµ f
ABC (Dµc)
B ϕCI + U
AI
µ (DµωI)
B −NAIµ (DµωI)
A+
− V AIµ (DµϕI)
A + gV AIµ f
ABC (Dµc)
B ωCI + θ
(
MAIµ V
AI
µ − U
AI
µ N
AI
µ
)]
, (47)
where θ is a dimensionless parameter introduced to absorb vacuum divergences. The original
breaking action Ξ is recovered by setting appropriate physical values for the sources. It is easy
to see that the most appropriate choice is
MABµν = V
AB
µν = γ
2δABδµν ,
Uabµν = N
ab
µν = 0 . (48)
We can see that the new parameter determine the original ε parameter through
ε = (4dimG) θ . (49)
The full action
Σ = Sbrst + Ξbrst , (50)
is now BRST invariant. In fact, the Slavnov-Taylor identity (43) is generalized to
S(S) =
∫ (
δΣ
δΩAµ
δΣ
δAAµ
+
δΣ
δLA
δΣ
δcA
+ bA
δΣ
δcA
+ ϕABµ
δΣ
δωABµ
+ ωABµ
δΣ
δϕABµ
+
+ MAIµ
δΣ
δUAIµ
+NAIµ
δΣ
δV AIµ
)
= 0 . (51)
Moreover, we also have the restoration of symmetries (32), (33) and (34)
QIJΣ = 0 ,
RIJΣ = 0 ,
TIΣ = 0 , (52)
where
QIJ =
∫
d4x
(
ϕAI
δ
δϕAJ
+ ωAI
δ
δωAJ
− ϕAJ
δ
δϕAI
− ωAJ
δ
δωAI
+NAIµ
δΣ
δNAIµ
+ V AIµ
δΣ
δV AIµ
+
− MAIµ
δΣ
δMAIµ
− UAIµ
δΣ
δUAIµ
)
,
RIJ =
∫
d4x
(
ϕAI
δ
δωAJ
− ωAJ
δ
δϕAI
+ V AIµ
δΣ
δNAJµ
− UAJµ
δΣ
δMAIµ
)
,
TI =
∫
d4x
(
cA
δ
δωAI
+ ωAI
δ
δcA
+ UAIµ
δΣ
δΩAµ
)
. (53)
18
We point out that, if possible, any other symmetry of the perturbative gauge fixing should
also be imposed. Equations (52) are universal and are valid for any gauge fixing of the type
∆A(A) = 0 because the difference between the case κ = 2 and the others is, essentially, the
pure source term. We also remark that, depending on the chosen gauge, it would be allowed
to introduce interacting terms due to the Ward identities. We expect that, in that case, these
terms drop out at the ultraviolet limit. We know that at the Landau and maximal Abelian
gauges these interacting terms are not allowed8.
6.2 The gap equation
It remains to determine γ in a consistent way. We have introduced the Gribov parameter in
order to eliminate the zero modes of the Faddeev-Popov operator and, until now, this parameter
is free. Its presence is already sufficient to eliminate the infinitesimal Gribov copies, as long as
it is non-vanishing. There are several ways to determine the value of this parameter. The
traditional method is demanding the quantum action Γ to obey the renormalization group
equation. However, following [14], one could also require that the quantum action depends
minimally on the Gribov parameter. In this way, the value of γ would be that one which
minimizes the vacuum energy. This is a quite natural requirement since everything in Nature
flows to the minimum energy configuration. Thus,
δΓ
δγ2
= 0 . (54)
This gap equation provides a non-perturbative condition to determine the explicit value of γ.
Equation (54) is equivalent to
gfABC
〈
(ϕ+ ϕ)ABµ A
C
µ
〉
= −2εγ2 (55)
which establishes that the Gribov parameter is associated to the condensation of the local
composite operator (ϕ + ϕ)ABµ A
C
µ . In usual constructions [1, 14], the gap equation pushes the
theory very close to the Gribov first horizon. Thus, the minimization of the free energy (54)
with respect to the Gribov parameter is responsible to ensure that the theory is driven to a
non-perturbative sector. Typically, a gap equation of the form (54), provides γ2 ∼ exp{−1/g2},
which is a standard non-perturbative behavior.
7 Extended formulation and alternative gap equation
The method developed so far has reproduced the Gribov-Zwanziger approach for a generalized
class of gauges. However, we have chosen a minimal alteration option with respect to the
perturbative action. Any other possible dimension 2 local composite operator can be considered
via the LCO technique. This improvement leads to the so called refined Gribov-Zwanziger
approach [18] and is very important because it produces propagators that agree with lattice
predictions [32].
8The maximal Abelian gauge actually requires extra interacting terms. However, these terms originate from the
fact that the gauge constraint is non-linear and demand quartic ghost interactions for renormalization purposes.
However, this generalized maximal Abelian gauge is a more general gauge which does not respect our restriction
of gauges depending exclusively on AAµ .
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Nevertheless, it is possible to be a bit more permissive in our construction of Ξ and accommo-
date terms equivalent to the dimension 2 operators of the refined Gribov-Zwanziger approach.
For instance, let us maintain Requirement 5.6 and the fact that we are avoiding higher derivative
terms. Moreover, BRST symmetry is not required for this term, only Faddeev-Popov discrete
symmetry is. This notwithstanding, if we can put any term in a BRST exact form, that would
be better. We demand that all extra terms depend on γ because it ensures the ultraviolet
perturbative limit to be recovered for γ → 0. As usual, we also require that these terms are,
obviously, Lorentz and colour9 invariants. Another important condition is that terms depending
on bA are excluded because it would change the gauge fixing,
δΞ˜
δbA
= 0 . (56)
We may then consider many terms coupled to the mass parameter γ (or other mass parameter -
we opt to keep only one extra parameter). Thus, it is not difficult to realize that an extra term
can be added to S, namely
Ξ˜ = s
∫
d4x γ2ζ1ω
AB
µ ϕ
AB
µ +
∫
d4x γ2
(
ζ2A
A
µA
A
µ + ζ3c
AcA
)
,
=
∫
d4x γ2ζ1
(
ϕABµ ϕ
AB
µ − ω
AB
µ ω
AB
µ
)
+
∫
d4x γ2
(
ζ2A
A
µA
A
µ + ζ3c
AcA
)
. (57)
where the dimensionless parameters ζi are introduced in order to absorb eventual divergences.
Eventually, these parameter may be fixed by the Ward identities, perhaps ruling (some of) them
out. The gap equation (54) now provides a different equation for γ,
gfABC
〈
(ϕ+ ϕ)ABµ A
C
µ
〉
+ ζ1
〈
ϕABµ ϕ
AB
µ − ω
AB
µ ω
AB
µ
〉
+ ζ2
〈
AAµA
A
µ
〉
+ ζ3
〈
cAcA
〉
= −2εγ2 (58)
We remark that, in [18], when considering the operator σ = ϕABµ ϕ
AB
µ −ω
AB
µ ω
AB
µ through the
LCO formalism at the Landau gauge, it is found that < σ >∝ γ2. Inhere, the term σ is already
proportional to γ2, which is the reason why the gap equation (55) is modified to (58). Moreover,
there are two possible extra terms that also contributes to the new gap equation and the solution
of γ, the gluon and ghost condensates. This modification is very welcome because it prevents the
theory to be thrown right at the Gribov horizon. In fact, the first Gribov horizon is characterized
as the set of configurations which have infinitesimal copies. When applying the no-pole condition
[1, 14, 16] to the ghost propagator at the thermodynamic limit, the theory is thrown right at the
horizon instead of considering configurations near the horizon. The gap equation (58) describes a
deformation of the no-pole condition for which the operator
〈
ϕABµ ϕ
AB
µ − ω
AB
µ ω
AB
µ
〉
is responsible
for a kind of deformation of the horizon. In the case of the refined Gribov-Zwanziger approach,
this deformation is obtained by considering the condensation of σ in an independent way of
the gap equation and, eventually, it is actually found that < σ >∝ γ2 (see also [31]). We also
remark that, different masses can be considered as m2i = γ
2ζi, which may be an evidence of the
equivalence between the two approaches, except for the gap equation.
Obvioulsy, the new terms can also be included into a BRST symmetric action by the intro-
duction of extra sources which assume specific physical values, see the dimension 2 sources in
Table 4. However, renormalizability must be checked.
9In certain cases, e.g. the maximal Abelian gauge, the colour invariance has to be treated in a different way.
See Sect. 8.2
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7.1 Intermission 2
Now, let us take a look at the path integral. In the usual approach originally developed by
Gribov [1], improved by Zwanziger [11] and refined by Dudal et al. [17], the starting point is
the fact that the Faddeev-Popov operator is hermitian, which allows a restriction in the domain
of integration at the path integral. This is done by introducing a Heaviside function which
turns into a delta function at a suitable thermodynamic limit. With the present approach, we
perform the introduction of an extra constraint with the BRST method. Then, the improved
action is quantized when exponentiation into the path integral is performed. In fact, we can
go backwards from the path integral constructed with the action10 (40) and recover that what
would be a generic case of the usual approaches.
Our path integral is
Z =
∫
DΦe−S , (59)
where DΦ is the functional volume element with respect to all fields. Then, integrating the
auxiliary fields ϕ, ϕ, ω and ω, it is achieved
Z =
∫
DADcDcDbe−S0−SGF−SH−
∫
d4x ǫγ4 , (60)
where
SH = γ
4g2
∫
fABCACµ
(
1
∇
)BD
fADEAEµ . (61)
is the horizon function equivalent. And now integrating over b and the ghosts we have
Z =
∫
DAdet(∇)δ(∆)e−S0−SH−
∫
d4x ǫγ4 . (62)
The exponential on γ can be eliminated by integrating over all possible values of γ. This is
the inverse operation of the saddle point. It is equivalent to consider the contribution of all
possible values of γ with their respective weights. In practice, this is equivalent to assume the
gap equation. Using ∫
dγ4
2πi
e−γ
4
∫
d4xǫ−SH = δ
(∫
d4xǫ+ SH
)
, (63)
we find
Z =
∫
DAdet(∇)δ(∆)δ
(
SH +
∫
d4xǫ
)
e−S0 . (64)
The second delta function states that the horizon function argument is fixed by the value ǫ,
which is finite. Thus,
fABCACµ
(
1
∇
)BD
fADEAEµ = −ǫ . (65)
This constraint is in complete agreement with our analysis of the classical fields equations
discussed in Sect. 5.3. When ∇ = 0, the only way to maintain ǫ is to take A = 0 as well.
This constraint actually regulates the gauge configurations and the values of the Faddeev-Popov
operator in such a way that (65) is fixed through ǫ and the Faddeev-Popov operator is non-
vanishing. It is interesting to see that, depending on the value of ǫ, we can be very close to the
analogue of the Gribov horizon. Particularly, at the Landau gauge, we are right at the horizon,
10See below the discussion within the alternative formulation.
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which is an apparent paradox because the horizon is the place where all infinitesimal copies
reside. This apparent paradox is solved with the introduction of dimension-2 condensates as
demonstrated in the refined version of the Gribov-Zwanziger approach.
Another interesting point occurs when we consider the alternative formulation in the begin-
ning of Sect. 7. For consistency11, let us avoid the ghost mass term. In that case, a kind of
deformation of the horizon takes place. Actually, we have a delta function which is deformed
with respect to the horizon. A more formal analysis of this deformation is beyond the scope of
the present work.
8 Testing the method
We now provide some tests for the model. Specifically, we apply it for the Landau and maximal
Abelian gauges. In the first case, it is almost trivial to see that the method coincides with the
well-known results. In the case of the maximal Abelian gauge, because the Abelian sector does
not develop copies, only the non-Abelian sector requires the breaking. We restrict ourselves
to the classical level and to the simpler case of (40), otherwise, renormalization considerations
should also be taken into account.
8.1 Landau gauge
The Landau gauge fixing is given by
∆A = ∂µA
A
µ , (66)
which provides for the perturbative action
S0 = SYM +
∫
d4x
(
ibA∂µA
A
µ + c
A∂µD
AB
µ c
B
)
+ Sext . (67)
From the BRST variation of equation (66), and the imposition of BRST invariance, we can
regain the Faddeev-Popov operator, which is
∇AB = ∂µD
AB
µ . (68)
Thus, from a simple substitution of (68) in (29), we obtain the following action
SG =
∫
d4x
[
ϕACµ ∂νD
AB
ν ϕ
BC
µ − ω
AC
µ ∂νD
AB
ν ω
BC
µ + g
(
∂νω
AC
µ
)
fABDDDEν c
EϕBCµ
]
, (69)
The breaking term (37) is given by
Ξ =
∫
d4x
[
γ2DABµ (ϕ+ ϕ)
AB
µ + εγ
4
]
. (70)
So, the complete classical action is written as
S = S0 + SG +Ξ , (71)
which agrees with the well-known result for ε = 4dimG.
11If the gauge fixing accepts the ghost mass term, even the Faddeev-Popov operator is altered. However, in this
case, we cross the limits of this approach because, when restoring the BRST symmetry, this term will naturally
generate a b-dependent term, modifying the gauge fixing itself. Thus, perhaps this term could only be considered
through the LCO formalism.
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8.2 Maximal Abelian gauge
In the case of the maximal Abelian gauge, we have first to set our conventions and notation
and restrict ourselves, obviously, to SU(N) gauge theories. In this case, the gauge field Aµ is
decomposed into diagonal (Abelian) and off-diagonal parts as
Aµ = A
A
µΛ
A = AaµΛ
a +AiµΛ
i, (72)
where Λa are the off-diagonal sector of generators and Λi the Abelian generators. Since all
generators Λi commute with each other, they generate the Cartan subgroup of SU(N). To
avoid confusion, we have to keep in mind that capital indices {A,B,C, . . .} are related to the
entire SU(N) group, and so, they run in the set
{
1, . . . , (N2 − 1)
}
. Small indices {a, b, c, . . . h}
represent the off-diagonal part of SU(N) and they vary in the set {1, . . . , N(N − 1)}. Fi-
nally, small indices {i, j, k, . . .} describe the Abelian part of SU(N) and they run in the range
{1, . . . , (N − 1)}. From the SU(N) Lie algebra, we can write the following decomposed algebra[
Λa,Λb
]
= fabcΛc + fabiΛi,[
Λa,Λi
]
= −fabiΛb,[
Λi,Λj
]
= 0. (73)
Using Jacobi identity, we can show that the structure constants satisfy
fabif bcj + fabjf bic = 0,
fabcf cdi + fadcf cib + faicf cbd = 0,
fabcf cde + fabif ide + fadcf ceb + fadif ieb + faecf cbd + faeif ibd = 0. (74)
Proceeding in this way, we can write the off-diagonal and diagonal components of a infinitesimal
gauge transformation with parameter α respectively
δgA
a
µ = −(D
ab
µ α
b + gfabcAbµα
c + gfabiAbµα
i),
δgA
i
µ = −(∂µα
i + gAaµα
b), (75)
where the covariant derivative Dabµ is defined with respect to the abelian component of the gauge
field, i.e.
Dabµ = δ
ab∂µ − gf
abiAiµ. (76)
Following the same decomposition, the Yang-Mils action reads
SYM =
1
4
∫
ddx(F aµνF
a
µν + F
i
µνF
i
µν), (77)
with
F aµν = D
ab
µ A
b
ν −D
ab
ν A
b
µ + gf
abcAbµA
c
ν ,
F iµν = ∂µA
i
ν − ∂νA
i
µ + gf
abiAaµA
b
ν . (78)
The decomposed BRST transformations are easily obtained from (8), (9) and (10). For the
off-diagonal fields we have,
sAaµ = −(D
ab
µ c
b + gfabcAbµc
c + gfabiAbµc
i),
sca = gfabicbci +
g
2
fabccbcc,
sca = iba,
sba = 0, (79)
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and for the Abelian sector,
sAiµ = −(∂µc
i + gfabiAaµc
b) ,
sci =
g
2
fabicacb ,
sci = ibi ,
sbi = 0 . (80)
Now, we introduce the gauge conditions that characterize the maximal Abelian gauge. The
maximal Abelian gauge condition is obtained by fixing the non-Abelian sector in a Cartan
subgroup covariant way,
Dabµ A
b
µ = 0 . (81)
This condition maintain the Abelian gauge symmetry, which is usually fixed by the Landau
condition:
∂µA
i
µ = 0 . (82)
By performing the BRST variations of conditions (81) and (82) and imposing their invariance
we obtain the Gribov copies equations
∇abcb = 0 ,
∂µ
(
∂µc
i + gfabiAaµc
b
)
= 0 , (83)
where
∇ab = Dacµ D
cb
µ + gf
acdAcµD
db
µ + g
2facif bdiAcµA
d
µ. (84)
is recognized as the Gribov operator in the maximal Abelian gauge. The second of (83) is
actually redundant because it can be easily solved once the first equation is solved [23]. Thus, if
we ruin the first of (83), the second is automatically spoiled. Let us start with the SU(2) case.
8.2.1 The SU(2) case
In the case of SU(2), there is only one Abelian generator and it will be denoted with no group
index, for instance, for the Abelian gluon field Aµ. For the off-diagonal components we will
write Aaµ, with a = 1, 2 and the covariant derivative is defined by D
ab
µ = ∂µδ
ab − gǫabAµ, where
fab3 ≡ ǫab3 ≡ ǫab. The perturbative action is given by
S0 = SYM+
∫
ddx(ibaDabµ A
b
µ+ c
a∇abcb+ gǫabcacDbcµ A
c
µ+ ib∂µAµ+ c∂µ(∂µc+ gǫ
abAaµc
b))+Sext,
(85)
where the Faddeev-Popov operator (84) is written as
∇ab = Dacµ D
cb
µ + g
2ǫacǫbdAcµA
d
µ, (86)
It is important to highlight that this operator does not have any abelian component because of
the redundancy on the second equation in (83). Thus, the trivial extra action (29) is considered
only for the operator (86). This means that the auxiliary fields carry an off-diagonal index to
contract with ∇ab and the composite index (a, µ) to account for the degeneracy of equations
(83). Thus, (29) turns into
Striv =
∫
d4x
[
ϕacµ ∇
abϕbcµ − ω
ac
µ ∇
abωbcµ − ω
ac
µ (sA
d
ν)
δ∇ab
δAdν
ϕbcµ − ω
ac
µ (sAν)
δ∇ab
δAν
ϕbcµ
]
, (87)
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which, by performing the appropriate calculations, provides
Striv =
∫
d4x
{
ϕacµ ∇
abϕbcµ − ω
ac
µ ∇
abωbcµ − ω
ac
µ
[
2gǫad(∂νc+ gǫ
efAeνc
f )Ddbν +
+ gǫab∂ν(∂ν + gǫ
efAeνc
f )− g2(ǫadǫbe + ǫaeǫbd)(Ddgν c
g + gǫdgAgνc)A
e
ν
]
ϕbcµ
}
. (88)
The breaking term is constructed as in Sect. 5.2. The difference is that the auxiliary fields
are exclusively non-Abelian. Thus, to couple the bosonic auxiliary fields with the gauge field,
we have only one possibility which is to couple them with the Abelian sector,
Ξ =
∫
d4x
[
gγ2Dabµ (ϕ+ ϕ)
ab
µ + εγ
4
]
, (89)
and the complete action is consistent with the known result [19]. In the same way of the Landau
gauge, the parameter ε must be fixed through renormalization considerations.
8.2.2 The SU(N) case
The procedure for this case is completely analogous to the one made for the SU(2) case. However,
now, instead of one Abelian generator we have N−1 Abelian generators. The perturbative action
is given by [23]
S0 = SYM +
∫
d4x
[
ibaDabµ A
b
µ + c
a∇abcb − gfabc(Dadµ A
d
µ)c
bcc
− gfabi(Dacµ A
c
µ)c
bci + ibi∂µA
i
µ + c
i∂µ(∂µc
i + gfabiAaµc
b)
]
+ Sext (90)
The trivial term is constructed in the same way of the SU(2) case, except that the Faddeev-
Popov operator is the general one (84),
Striv =
∫
d4x
{
ϕacµ ∇
abϕbcµ − ω
ac
µ ∇
abωbcµ − ω
ac
µ
[
2gfaek(∂νc
k + gf ghkAgνc
h)Debν
+ gfabk∂ν(∂νc
k + gf ghkAgνc
h) + g2faeff fbkAeν(∂νc
k + gf ghkAgνc
h)
− gfadf (Ddgν c
g + gfdghAgνc
h − gfdgjAgνc
j)Dfbν
− g2(fadif bei + faeif bdi)Aeν(D
dgcg + gfdghAgνc
h + gfdgjAgνc
j)
]
ϕbcµ
}
, (91)
The breaking term can also be determined as in Sect. 5.2. Besides a term of the form
D(ϕ + ϕ) as in (89), we can also introduce a term like fabcAa(ϕ + ϕ)bc, which is absent in the
SU(2) case. It follows that
Ξ =
∫
d4x
[
γ2
(
Dabµ + ξgf
abcAcµ
)
(ϕ+ ϕ)abµ + εγ
4
]
. (92)
The new parameter ξ is dimensionless and is introduced to account for possible divergences.
Once again, the complete action coincides with the known result [23]. Moreover, it is easy to
verify that expressions (91) and (92) reduce to (88) and (89) for N = 2.
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9 Conclusions
We have developed a new method that eliminates infinitesimal Gribov ambiguities. In this
method, infinitesimal Gribov ambiguities are eliminated through the introduction of an extra
constraint. Strictly speaking, what are eliminated are the gauge configurations that leads the
Faddeev-Popov operator to develop zero modes. It was shown that, this constraint must elimi-
nate the Faddeev-Popov operator zero modes and, simultaneously, break the BRST symmetry in
a soft manner. The method generalizes the known approaches to treat Gribov ambiguities at the
Landau and maximal Abelian gauges. However, the method can be sistematically generalized
to other gauges, as long as they depend exclusively on the gauge field. We have also shown that
some of the Ward identities that rises from the auxiliary fields are universal, in the sense that
they can always be defined at the class of gauges we are considering. Finally, as a consistency
check, we have applied the method for the Landau and maximal Abelian gauges. The results
are compatible with the standard results encountered in the literature. Moreover, the method
developed is compatible with the soft breaking of BRST symmetry technique. In this method,
the motivation is to achieve the confining propagators of the refined Gribov-Zwanziger approach
at the Landau gauge. Here, we have directly demanded the elimination of the copies and the
resulting action is the Gribov-Zwanziger action.
A few words must be said about the method developed: our goal was to ruin the copies
equation directly, which means that we wanted to avoid the zero modes of the Faddeev-Popov
operator. Since we do not want to modify the anti-ghost equation of motion, we introduced a set
of auxiliary fields and a BRST breaking term in order to impose a new constraint into the theory.
In this way, the ultraviolet sector remains untouched. This constraint is exactly the equation of
motion for ϕ¯ which can be visualized as an eigenvalue equation for the Faddeev-Popov operator.
The zero eingenvalues appear only at A = 0, which is a “safe point” at the gauge configuration
space, i.e., it is a region which is identified with the perturbative sector of the theory. The ϕ
equation must be faced as the new constraint; the equation that eliminates the configurations
where the Faddeev-Popov operator develops zero modes. The extra constraint induces only
gauge configurations for which the Faddeev-Popov operator does not have zero modes. Hence,
only these configurations will appear at the ghost sector as well. Finally, the action we obtain
is the same obtained in the usual approaches for the Landau and maximal Abelian gauges, a
fact that stands in favour of the method. In both cases, the ghost propagator will be positive-
definite, i.e., the Faddeev-Popov operator is positive-definite. This is exactly the restriction to
the first Gribov region and means that this restriction can be viewed as consequence of our
method when applied to these gauges. In the case of non-hermitian Faddeev-Popov operators
it is very difficult to say something about a geometric region at the functional gauge space.
However, a similar delta function is found (see (65)) stating that the horizon function analogue
is also fixed to a “region” fixed by the constant ǫ.
It is worth mention that, the Gribov-Zwanziger approach, or its refined version, depends
on the fact that the Faddeev-Popov operator is hermitian. Although we have not applied the
method to a different gauge other than the Landau and maximal Abelian gauges, our method
applies to gauges where the Faddeev-Popov operator is non-hermitian. The reason is that we
have not demanded hermiticity of the Faddeev-Popov operator in any way. We left for future
investigation the employment of the technique to gauges where the Faddeev-Popov operator is
non-hermitian. Specifically, it is already under investigation [39] one particular interesting gauge
which interpolates between the Landau and maximal Abelian gauges [40, 41, 42]. As important
issues to be investigated, we have the generalization of the technique to gauges that also depend
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on other fields such as the Curci-Ferrari gauge [43], the renormalizable maximal Abelian gauge
and others and the study of the effects that the generalized gap equation presented here could
bring to the theory.
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